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1. Introduction 
 The irreducible multi-term solutions of non-relativistic and relativistic wave equations 
which have been first noticed in connection with piecewise continuous potentials [1-3] and 
further in the context of super-symmetric quantum mechanics [4,5] have gained increasing 
attention during the last few years due to several new exactly [6-9] or conditionally [10,11] 
integrable as well as certain non-analytic [12-14] potentials recently reported. A particular 
subset of such solutions also recently noticed involves the rationally extended potentials [15-
17] for which the solution is written in terms of exceptional orthogonal polynomials [18]. The 
potentials allowing irreducible multi-term solutions form a separate class of potentials which 
is out of the Natanzon family [19] to which the five classical exactly integrable [20-24] as 
well as the most discussed conditionally integrable [25-27] potentials belong. 
 In the present paper we introduce one more exactly integrable potential for which the 
solution of the one-dimensional stationary Schrödinger equation is written through 
irreducible linear combinations of the Gauss hypergeometric functions. As all novel exactly 
or conditionally exactly integrable potentials and many rationally extended ones, the potential 
belongs to the Heun class of potentials first discussed by Lemieux and Bose [28]. We have 
recently classified all Heun cases for which all the involved parameters can be varied 
independently and have shown that there exist in total 29 independent such families [29-31]. 
The potential we introduce belongs to the fifth general Heun family [31] which presents a 
generalization of the Eckart [23] and the third exactly solvable [9] hypergeometric potentials. 
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 This is a singular potential which behaves as the inverse square root in the vicinity of 
the origin and vanishes exponentially at infinity. Hence, it is a short-range potential that 
supports only a finite number of bound states. We present the general solution of the problem 
conveniently written in terms of the Clausen generalized hypergeometric functions [32,33]. 
This solution has an alternative representation given through irreducible linear combinations 
of the Gauss ordinary hypergeometric functions. We derive the exact equation for the energy 
spectrum and construct the zero-energy solution of the Schrödinger equation the zeros of 
which give the exact number of bound states. 
 
2. The potential and the solution 
 The potential we consider is 
  0 /
1
1 x
VV
e
V 
  . (1) 
For a positive 0   this is a potential well defined on the positive semi-axis, and for 
1 0V V   it vanishes at infinity. 
 Following the lines of [31], we apply the transformation of the dependent and 
independent variables 
  ( ) ( )z u z  ,   ( )z z x  (2) 
with  1 2( 1) ( 1)z z      (3) 
and  /1 xz e    (4) 
to reduce the one-dimensional Schrödinger equation for potential (1) 
   2 2 22 ( ) 0d m E V xdx
     (5) 
to the general Heun equation [34] 
  
2
2 01 1 ( 1)( 1)
d u du z q u
z z z dz z z zdz
               . (6) 
This reduction is verified by checking that transformation (2) results in the equation 
  2 2
2 ( )2 0z z zz z zzz z
m E V zu u u         
             
 (7) 
with /dz dx   and noting that for the coordinate transformation (4) we have 
  ( 1)( 1)
2
dz z z
dx z
 
    . (8) 
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It is then readily checked, by substitution of equations (3) and (8) into equation (7), that the 
parameters of the Heun equation are given as 
     2 1, , 1,1 2 ,1 2        , (9) 
   1 02
2
2
8, m E V        ,   1 2q     . (10) 
   21 0 122m E V V      ,    
2
2 0 12
2m E V V      . (11) 
 We note that 1    so that the characteristic exponents 1,2 0,1    [34] of 
singularity 0z   are 0 and 2. Since the difference between the exponents is integer, the 
Frobenius series 0
n
nnu z c z
 
   are generally expected to produce only one consistent 
solution - that with the greater exponent 2 2  . The other independent solution of the Heun 
equation is generally expected to involve a logarithmic term. However, it is checked that for 
the particular case at hand the singularity is in fact apparent (simple) [35] which means that 
the logarithmic term disappears and the general solution is analytic in the singularity. 
 Indeed, let us consider the expansion of the solution of the Heun equation as a Taylor 
series 0
n
nnu c z

   with 0 0c  . Substituting this into the Heun equation (6) with 1    
and successively calculating the coefficients nc , for 2c  we face a division by zero unless 
   2 1 ( 1) 0q q a a        , (12) 
where a  is the third regular singularity of the Heun equation which, in our case, is 1a   . 
This is the condition for the singularity 0z   to be apparent. It is immediately checked that 
for the parameters given by equations (9)-(11) this condition is satisfied. 
 Now we look for hypergeometric representations of the Taylor series solutions. We 
first check that the Heun-to-hypergeometric reductions through the common one-term ansatz 
involving a single Gauss hypergeometric function 2 1F  (see, e.g., [36,37]) do not apply. 
Helpfully, Letessier and co-authors have noticed [38] (see also [39]) that for a root of 
equation (12) the solution of the Heun equation (6) has a representation in terms of the 
Clausen generalized hypergeometric function 3 2F  [32,33]. This representation reads 
  1 3 2
1, ,1 ; , ;
2
zu F
q q
        . (13) 
The second independent solution of the Heun equation is checked to be 
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  2 3 2
1, ,1 ; , ;
2
zu F
q q
         . (14) 
Thus, the general solution of the Schrödinger equation for potential (1) is given as 
   1 2 1 1 2 2( 1) ( 1) c u cz z u    . (15) 
 We conclude this section by noting that the involved Clausen generalized 
hypergeometric functions have alternative representation in terms of the familiar Gauss 
ordinary hypergeometric functions. This representation is readily derived by the series 
expansion of the Heun function in terms of the Gauss functions [40-42]. The result derived 
through the termination of such a series on the second term, for a root of equation (12), is a 
generally irreducible linear combination of two Gauss functions: 
  1
1 2
1 2 1 2 1, ; ; , ; 1
21 1
2
;
2
z zu F F     
           

 
 . (16) 
This solution applies for any real or complex set of the involved parameters with the proviso 
that   is not unity, zero, or a negative integer. Comparing the corresponding terms in the 
power-series expansions, it is checked that this result differs from the Clausen function (13) 
by only the non-essential constant factor 2 1 2 1( ) / ( )     . 
 
3. Bound states 
 In order for the potential (1) to vanish at infinity we put 01V V   so that 
  0 /
0
1 x
VV
e
V 
  . (17) 
The shape of the potential is shown in Fig. 1. The behavior of the potential in the vicinity of 
the origin resembles that of the inverse square root potential [6]: 
  00 ~ /x
V V
x   , (18) 
however, this is a short-range well because it vanishes at infinity exponentially: 
  0~
2x
xV eV 

  . (19) 
We note that these asymptotes are the same as those for the Lambert-W singular potential [8]. 
The integral of the function ( )xV x  over the positive semi-axis is finite; hence, the potential 
supports only a finite number of bound states [43]. 
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Fig.1. Potential (17) for 0, , , 1,1,4, 2m V    (solid line). The dashed line presents the 
asymptote (18) for 0x   and the dotted line stands for the exponential asymptote (19) for 
x  . The inset presents the coordinate transformation ( )z x . 
 
 The bound states are derived by demanding the wave function to vanish both at the 
origin and at infinity (see the discussion in [44]). For the plus signs for 1,2  in equation (11), 
that we choose for convenience, the second of these requirements results in 1 0c   for 
solution (15). The first condition then immediately produces the exact equation for the energy 
spectrum 
  3 2
1, ,1 ; , ; 0
2
F
q q
         . (20) 
This equation can be alternatively presented in terms of Gauss functions as 
    
1 2
12
2
2 2
2 , ,1 2 ;1 22( ) 1 0
2 , , 2 ;1 2
FqS E
q F
   
   
   . (21) 
The graphical representation of the ( )S E  function is shown in Fig. 2. 
 
Fig.2. Graphical representation of the spectrum equation (21) for 0, , , 1,1,4, 2m V   . 
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 With the spectrum equation (20) or (21), and recalling that 01V V  , the bound state 
wave functions are explicitly written in terms of the Gauss functions as 
     1 2 22
2
2 1 2 1 2
21 1, ;1 2 ; , ;2 ;
2 2 2
( 1) ( 1)B
qzF
q
z zFz        
                
, (22) 
where /1 xz e   , and 
   21 2 028, m E V        ,   1 2q     , (23) 
   21 022 2m E V    ,  
2
2 2
2m E   . (24) 
The normalized wave functions and energy levels are shown in Fig. 3. 
 The number of bound states n  can be rather accurately estimated by checking the 
integral by Calogero [45] 
  
0
2 / ( )
/ 2C
n I V x dx
m
    , (25) 
which is specialized for everywhere monotonically non-decreasing attractive potentials. As it 
can be seen, this estimate states that for strongly attractive potentials the number of bound 
states increases as the square root of the strength of the potential. The asymptotic result by 
Chadan further tunes the upper limit of the number of bound states to a half of Calogero's 
integral [46]. For potential (17) the result is 
    2 022 2 12CI m Vn     . (26) 
For the parameters used in Fig. 2 we have 3.31n  , that is the number of bound states is 
three. The numerical spectra for 0 4,6,10,15V   ( , , 1,1, 2m   ) are presented in Table 1. 
 
    
Fig. 3. The first three normalized wave functions and the energy levels for 
0, , , 1,1,4, 2m V   . 
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0 4V   0 6V   0 10V   0 15V   
−0.02946950533 −0.00552717659 −0.02016478163 −0.04351527517
−0.4166327432 −0.2384895435 −0.3060888017 −0.3819693937 
−2.168051138 −1.120668116 −1.146332147 −1.227239451 
 −4.338949251 −3.249038689 −3.007062709 
  −9.973668269 −6.947785749 
   −18.84341927 
Table 1. Numerical spectra nE  for 0 4,6,10,15V   ( , , 1,1, 2m   ) 
 
 The exact number of bound states is known to be equal to the number of zeros (not 
counting 0x  ) of the zero-energy solution, which vanishes at the origin [43]. Since for 
0E   the exponent 2  becomes zero and the lower parameter   of the second independent 
solution (14) becomes unity, in constructing this solution one should be careful with the sign 
of the exponent 1 . It is checked that the consistent sign for the second independent solution 
is the minus. Hence, the general solution of the Schrödinger equation for 0E   reads 
 
 
 
1
1
1 3 2 1 1 1 1 1 1 1
2 3 2 1 1 1 1
0
1 1
11 2 2 ,1 ; ,1 2 ;
2
11 2 2 ,1 ; 1;
,
2
, ,,
E
zc z F
zc z F


      
     



         
       
 (27) 
where 2 201 2 /m V   . The condition 0 (0) 0E    then produces a linear relation 
between 1c  and 2c , which finalizes the construction of the needed solution. 
 
 
Fig.4. The zero-energy solution for 0, , , 1,1,4, 2m V   . 
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 This solution for the parameters applied in Fig. 2 is shown in Fig. 4. It can be seen 
that the number of bound states is indeed three. A last remark that may be useful for 
applications of the zero-energy solution itself, e.g., in constructing super-symmetrically 
extended potentials or designing optical field configurations for optimal control purposes, is 
that the solution diverges at the infinity with a logarithmic asymptote. 
 
5. Scattering states 
 As it was already mentioned above, the general solution (15) applies for any real or 
complex set of the involved parameters with the proviso that   is not unity, zero, or a 
negative integer. Consider then the scattering solution for which 0E  . This time, one 
imposes the boundary condition of vanishing the wave-function in the origin and looks for an 
asymptote at the infinity as a combination of incoming and outgoing fluxes.  
 The boundary condition for the origin imposes 
    
3 2
2 1
3 2
, ,1 / ; / , ;1 / 2
, ,1 / ; / , ;1 / 2
F q q
c c
F q q
    
    
    . (28) 
Discussing now the behavior at infinity, we note that at 1z   the Clausen functions (13) and 
(14) have the asymptotes 
          
   
     
1
1
11 1 2
2
~
1
1
1 1
q q
u z
     
     
                  ,    2 ~ 1u . (29) 
Accordingly, the large-distance behavior of the wave function is derived to be 
    2 22 1 2 2 2 1( ) ~ 1 2
x x
xx Ae Be c
    
     
, (30) 
where 
         1 2 1 221 1 2
1 2 2
1 2 1 2
cA
c
   
   
            ,   
     
   
2
2 1 1 2
1 2
16 1 2 2
1 1 2 2
B
    
   
          . (31) 
With this, for the phase shift l , which is defined by the representation 
  2( ) ~ liikx ikxx e e e   , (32) 
where k  is the wave-number 
  
2
2 2/ (2 ) 2
m Ek i    , (33) 
we get  ln
2l
i A
B
      . (34) 
This is a real function the form of which (with the convention / 2l  ) is shown in Fig.5. 
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Fig.5. The phase shift l  for 0, , , 1,1,4, 2m V   . The dashed lines indicate / 2l   . 
 
 We observe that for some values of energy the phase shift shows a jump equal to  . 
This occurs if / 2l    or, equivalently, if A B  . For a fixed potential strength 1V , the 
number of jumps is finite. It is checked that this number is less by one than the number of 
bound-states supported by the potential. 
 
6. Discussion 
 Thus, we have introduced a singular Schrödinger potential exactly integrable in terms 
of the Gauss hypergeometric functions. The potential presents a short-range bottomless well 
that behaves as the inverse square root in the vicinity of the origin and vanishes exponentially 
at the infinity. We note that these asymptotes are the same as those of the Lambert-W 
singular potential [8]. We have presented the general solution of the Schrödinger equation, 
derived the exact spectrum equation for the bound-state energies and constructed the bound-
state wave functions. Discussing the number of the bound states supported by the potential, 
we have presented an accurate estimate and derived the zero-energy solution the number of 
zeros of which gives the exact number of the bound states. 
 The potential is obtained by reduction of the Schrödinger equation to the general 
Heun equation. This equation and its four confluent modifications have a remarkably large 
covering in contemporary physics and mathematics research [47]. Our potential is a four-
parametric member of the fifth general Heun family [31] which presents an eight-parametric 
generalization of the classical five-parametric Eckart potential [23]. This family suggests 
several exactly or conditionally integrable sub-cases solvable in terms of the Gauss functions. 
In particular, our potential is the super-potential of the two conditionally solvable partner 
potentials by López-Ortega [11] which also belong to this family. 
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 The solution of the Schrödinger equation for the potential we have presented is 
written through such fundamental solutions each of which presents an irreducible linear 
combination of two Gauss hypergeometric functions. A peculiarity of these fundamental 
solutions is that they have representations in terms of the Clausen generalized hypergeometric 
function 3 2F  [32,33]. We have checked that such a representation or a similar representation 
in terms of higher-order generalized hypergeometric functions p qF  is achieved also for all 
other known sub-potentials of the general Heun families allowing multi-term solutions as 
(irreducible) combinations of the Gauss hypergeometric functions. A common feature for all 
these representations is that at least an upper parameter exceeds a lower by unity as in our 
case of equations (13),(14) or (27). It is of interest if there exist solutions of the Schrödinger 
equation in terms of the generalized hypergeometric functions of different structure, i.e., in 
terms of generalized hypergeometric functions which are not reduced to the Gauss functions. 
Such solutions would provide a distinct class of solvable Schrödinger potentials. 
 
Acknowledgments 
I thank the referee for very helpful comments and recommendations. This research has been 
conducted within the scope of the International Associated Laboratory IRMAS (CNRS-
France & SCS-Armenia). The work has been supported by the Armenian State Committee of 
Science (SCS Grant No. 15T-1C323), Armenian National Science and Education Fund 
(ANSEF Grant No. PS-4986), and the project “Leading Russian Research Universities” 
(Grant No. FTI_24_2016 of the Tomsk Polytechnic University). 
 
References 
1. R.H. Fowler and L. Nordheim, "Electron emission in intense electric fields", Proc. R. 
Soc. London A 119, 173-181 (1928). 
2. C.B. Duke and M.E. Alferieff, "Solvable model of a hydrogenic system in a strong 
electric field: application to optical absorption in semiconductors", Phys. Rev. 145, 583-
592 (1966). 
3. W.W. Lui and M. Fukuma, "Exact solution of the Schrödinger equation across an 
arbitrary one dimensional piecewise linear potential barrier", J. Appl. Phys. 60, 1555-
1559 (1986). 
4. F. Cooper, J.N. Ginocchio, and A. Khare, "Relationship between supersymmetry and 
solvable potentials", Phys. Rev. D 36, 2458-2473 (1987). 
5. F. Cooper, A. Khare, and U. Sukhatme, "Supersymmetry and quantum mechanics", Phys. 
Rept. 251, 267-385 (1995). 
6. A.M. Ishkhanyan, "Exact solution of the Schrödinger equation for the inverse square root 
potential 0 /V x ", Eur. Phys. Lett. 112, 10006 (2015). 
7. A.M. Ishkhanyan, "The Lambert-W step-potential - an exactly solvable confluent 
hypergeometric potential", Phys. Lett. A 380, 640-644 (2016). 
8. A.M. Ishkhanyan, "A singular Lambert-W Schrödinger potential exactly solvable in 
11 
terms of the confluent hypergeometric functions", Mod. Phys. Lett. A 31, 1650177 
(2016). 
9. A.M. Ishkhanyan, "The third exactly solvable hypergeometric quantum-mechanical 
potential", EPL 115, 20002 (2016). 
10. A. López-Ortega, "New conditionally exactly solvable inverse power law potentials", 
Phys. Scr. 90, 085202 (2015). 
11. A. López-Ortega, "New conditionally exactly solvable potentials of exponential type", 
arXiv:1602.00405 [math-ph] (2016). 
12. M. Znojil, "Symmetrized quartic polynomial oscillators and their partial exact 
solvability", Phys. Lett. A 380, 1414-1418 (2016). 
13. R. Sasaki and M. Znojil, "One-dimensional Schrödinger equation with non-analytic 
potential  2( ) expV x g x    and its exact Bessel-function solvability", J. Phys. A 49, 
445303 (2016). 
14. M. Znojil, "Morse potential, symmetric Morse potential and bracketed bound-state 
energies", Mod. Phys. Lett. A 31, 1650088 (2016). 
15. S. Odake and R. Sasaki, "Infinitely many shape invariant potentials and new orthogonal 
polynomials", Phys. Lett. B 679, 414-417 (2009). 
16. C. Quesne, "Novel enlarged shape invariance property and exactly solvable rational 
extensions of the Rosen-Morse II and Eckart potentials", SIGMA 8, 080 (2012). 
17. B. Midya and B. Roy, "Infinite families of (non)-Hermitian Hamiltonians associated with 
exceptional mX  Jacobi polynomials", J. Phys. A 46, 175201 (2013). 
18. D. Gomez-Ullate, N. Kamran, and R. Milson, "An extended class of orthogonal 
polynomials defined by a Sturm–Liouville problem", J. Math. Anal. Appl. 359, 352-367 
(2009). 
19. G.A. Natanzon, "General properties of potentials for which the Schrödinger equation can 
be solved by means of hypergeometric functions", Theor. Math. Phys. 38, 146-153 
(1979). 
20. E. Schrödinger, "Quantisierung als Eigenwertproblem (Erste Mitteilung)", Annalen der 
Physik 76, 361-376 (1926). 
21. A. Kratzer, "Die ultraroten Rotationsspektren der Halogenwasserstoffe", Z. Phys. 3, 289-
307 (1920). 
22. P.M. Morse, "Diatomic molecules according to the wave mechanics. II. Vibrational 
levels", Phys. Rev. 34, 57-64 (1929). 
23. C. Eckart, "The penetration of a potential barrier by electrons", Phys. Rev. 35, 1303-1309 
(1930). 
24. G. Pöschl, E. Teller, "Bemerkungen zur Quantenmechanik des anharmonischen 
Oszillators", Z. Phys. 83, 143-151 (1933). 
25. F.H. Stillinger, "Solution of a quantum mechanical eigenvalue problem with long range 
potentials", J. Math. Phys. 20, 1891-1895 (1979). 
26. J.N. Ginocchio, "A class of exactly solvable potentials. I. One-dimensional Schrödinger 
equation", Ann. Phys. 152, 203-219 (1984). 
27. R. Dutt, A. Khare, and Y.P. Varshni, "New class of conditionally exactly solvable 
potentials in quantum mechanics", J. Phys. A 28, L107- L113 (1995). 
28. A. Lemieux and A.K. Bose, "Construction de potentiels pour lesquels l’équation de 
Schrödinger est soluble", Ann. Inst. Henri Poincaré A 10, 259-270 (1969). 
29. A. Ishkhanyan and V. Krainov, "Discretization of Natanzon potentials", Eur. Phys. J. Plus 
131, 342 (2016). 
30. A.M. Ishkhanyan, "Schrödinger potentials solvable in terms of the confluent Heun 
functions", Theor. Math. Phys. 188, 980-993 (2016). 
12 
31. A.M. Ishkhanyan, "Schrödinger potentials solvable in terms of the general Heun 
functions", Ann. Phys. 388, 456-471 (2018). 
32. T. Clausen, "“Ueber die Fälle, wenn die Reihe von der Form ... ein Quadrat von der Form 
... hat”,", J. Reine Angew. Math. 3, 89-91 (1828). 
33. L.J. Slater, Generalized hypergeometric functions (Cambridge University Press, 
Cambridge, 1966). 
34. A. Ronveaux (ed.), Heun’s Differential Equations (Oxford University Press, London, 
1995). 
35. E.L. Ince, Ordinary Differential Equations (Dover Publications, New York, 1956). 
36. R.S. Maier, “On reducing the Heun equation to the hypergeometric equation”, J. Diff. 
Equations 213, 171 (2005). 
37. R. Vidunas, G. Filipuk, "Parametric transformations between the Heun and Gauss 
hypergeometric functions", Funkcialaj Ekvacioj 56, 271-321 (2013). 
38. J. Letessier, G. Valent, and J. Wimp, "Some differential equations satisfied by 
hypergeometric functions", Internat. Ser. Numer. Math. 119, 371-381 (1994). 
39. R.S. Maier, “P-symbols, Heun identities, and 3 2F  identities”, Contemporary Mathematics 
471, 139-159 (2008). 
40. N. Svartholm, “Die Lösung der Fuchs'schen Differentialgleichung zweiter Ordnung durch 
Hypergeometrische Polynome”, Math. Ann. 116, 413-421 (1939). 
41. A. Erdélyi, "Certain expansions of solutions of the Heun equation", Q. J. Math. (Oxford) 
15, 62-69 (1944). 
42. A. Hautot, "Sur des combinaisons linéaires d'un nombre fini de fonctions transcendantes 
comme solutions d'équations différentielles du second ordre", Bull. Soc. Roy. Sci. Liège 
40, 13-23 (1971). 
43. V. Bargmann, "On the number of bound states in a central field of force", Proc. Nat. 
Acad. Sci. USA 38, 961-966 (1952). 
44. M. Znojil, "Comment on "Conditionally exactly soluble class of quantum potentials", 
Phys. Rev. A 61, 066101 (2000). 
45. F. Calogero, "Upper and lower limits for the number of bound states in a given central 
potential", Commun. Math. Phys. 1, 80-88 (1965). 
46. K. Chadan, "The asymptotic behavior of the number of bound states of a given potential 
in the limit of large coupling", Nuovo Cimento A58, 191-204 (1968). 
47. Heun functions, their generalizations and applications, 
http://theheunproject.org/bibliography.html 
